THE MATHEMATICS OF ARYABHATA.
By A. A. KRISHNASWAMI AvYaNGar. M.A, L.T.
tel paper read before the Mythic Society.)

Introductory.

INDIA has always been more a land of philosophy and metaphysics than
a land of materialism and scientific research. Unlike Greece and Arabia,
ancient India could boast of few persons devoted to the advancement of =
mathematics as a science by itself.  There are very few classical Indian booksl.
dealing only ‘with pure mathematics. while almost every Indian astronomical
work contains incidentally some chapters in mathematics. giving briefly the &
lemmas useful for subscquent astronomical calcunlations. k-
Mathematics in [ndia was brought up mainly as a handmaid of astronomy,
which was itself but an anxiliary to the study of the Vedas and the perfor-
mance of daily rituals and sacrifices enjoined in the Vedas to please the gods.
This accounts for the fact that Indian mathematics is essentially practical.;-’
and does not contain several water-tight compartments such as Geometry, -
Algebra, Arithmetic and Trigonometry. There is no such elaborate theory as
in Greek mathematics while some theory that is occasionally given -takes a
practical form. The fragmentary and apparently incoherent presentation
of mathematical ideas in the classical Indian treatises has led some of the
modern oriental scholars of the tvpe of Mr. G. R. Kaye™ to suspect Indian &
originality and to indulge in pleasant aud fanciful hopes that the Indian works
record the mathematics of Hypatia or the contents of the lost books of
_ Diophantus or even those of early Chinese works. To quote one mstance,
there is an attempt to trace to Chinese sources, the origin of the use of the =
names of colours for variables in Indian Algebra. ¥ 4
Though ancient India had always given a sort of marginal attention .

to the study of mathematics, yet the peculiar Indian genius with its marvellous.
gifts of intuition was destined to give to the rest of the world (though there &
are onental Ch()ldl"a who will entirely deny this clalm) the 1mportant basic

* Vide' 'I'he bourues of Hmdu Malhemaucs by G. 1\ haye (J R.A.S., 1910) and * Indian
Mathematics’ (p. 13}, by G. R. Kaye. : 5

+ Coleur is the most common concrete symbol for distinguishing things. In accounts, entries
in black and red inks have different kinds of significance : in a world-map. countries belonging to
different pations are coloured differently. It is a universal practice to adopt the colour principle -
to point out differences. No wonder, therefore, that the ancient Hindus should have naturally
thought of the names of the different.colours for denoting different variables. I believe that our a
ancestors were not really so colvur-biind as to be compelled to borrow the colour-idea from the
Chinese, 4



159

" ideas in mathematics—the place-value system of notation in Arithmetic, th‘:z
generalizations of Algebra, the sine-function in Trigonometry and the founda-
tions of Indeterminate Analysis. A nation that could compress all its Gram-
mar, all its Philosophy, into a few Satras—a unique feature of Indian litera-
ture—need not go a-borrowing for symbols to express its mathematical ideas.
The ancient Hindus had a special genius for algebraic symbolism. Symbols
were their speciality. Hence they were eminent] y fitted to lay the foundations
of mathematics, which they did admirably. Indeed, as H. T. Colebrooke has
remarked, had an earlier translation of the Hindu mathematical treatises been
~ made and given to the public, especially to the early mathematician in
- Europe, the progress of mathematics would have been much more rapid, since
algebraic symbolism would have reached its perfection long before the days of
~ Descartes, Pascal and Newton.
| The Indian mathematical works are, as a rule, written in verse and the
poetic license adds to the obscurity of the language. Besides, they are very
brief containing merely rules, results, and sometimes a number of problems
with solution, but very rarely a fully worked out mathematical argument. It
is just in keeping with the Indian tradition to make the text as brief and
concise as possible, so that the whole of it may be easily learned by heart and
remembered, the explanations being left to be learnt orally from the Gurus or

teachers.

. Aryabhata—Hiq Age and Works.
In the whole range of mathematical and astronomical literature of ancient
India, one of the most prominent and scientific writers is Aryabhata of
Kusumapura born in the year 3577 Kali, corresponding to 476 A.D. He

himself says : .

: TR AR SRS T |

L, S FaieaTease a0 S sgdan: o |

. in the section FH@Eamg of his work styled Laghu-Aryabhatiyam or Aryabhata-
tantra. Mr. G. R. Kaye, in his article Aryabhata, ]. A.S. B, IV, 17 (1908; says
that Brahmagupta nowhere in his mathematical sections mentions Arvabhata
nor does Bhaskara. But Bhaskara has referred to Aryabhata in the following

terms: ‘g @@@Wﬂﬁﬁﬁ‘m@ﬂ’ in connection with his sine-tables,

which are identically the same as Aryabhata’s, except in one place.

As regards the identity of Aryabhata, there is an element of doubt.
There is another Aryabhata who is known by his work, Mahasiddhanta :
he refers to the old Aryabhata thus: |

e gags A Tehed a9 o
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in the fourteenth sloka of Patadhikira. But Alberuni calls Aryabhata ' _
younger, ““ that one from Kusumapura ”. Again the confusion is worse cons
founded by Sudhikara Dvivedi in his Preface to the Mahasiddhanta. Heg
dubious® references from Bhaskara to show that Bhaskara did not know of
the older Aryabhata but only the younger one. I believe that the dis
pancies in the references to Aryabhata of Kusumapura must be due
incomplete and erroneous manuscripts of Aryabhatiyam being in circulatior
_In this connection, it is worthy of note that Aryabhata’s treatise g
Algebra has been translated into Latin by one G. de-Lunis, an Italian mathe-
matician of the thirteenth century and there is a manuscript copy of the trans-
lation in the Bibliotheque Nationale de Florence (vide L. Inter. des. Maths
July:and August, 1909). Probably a reference to this Latin translation ma
clear some of the doubts regarding Aryabhata’s identity. In 1874 Dr. Kem

brought out the first edition of the text Aryabhatiyam w ith the long commen-"
tary of Paramadiévara and in 1879, Rodet gave a French translation of fhe
Ganitapada, the mathematical portion of the text with very valuable an&

interesting notes, while Thibaut in 1899 gave a summary of the hterature’""ﬁ
about Aryabhata and G. R. Kaye in 1908 (J. A. S. B,, Vol. IV, 17) publlsheﬂ;_.
his notes on Ar\ abhata with a literal English translation and commentary d{

the text.

S

* Vide pp. 22, 23, Mahdqaddhdnta edited with his own commentary by Mahamahopadhyaya

SudhdLara Dyivedi :
‘ Bhiiskara says in his Visanabhashya of sloka 52 of Bhuvanakosa of Goladhyaya {aﬁ“‘g;ﬂ

SW ﬁ'm%'[qa qﬁmﬁmm PR * This rule is found in Lag

Aryabhatiyam........ I think by ‘qﬁq’a-[a -7 Bhaskara means many mathematicians
° , S i
By Bhiskara’s wording in Vésanibhdshya of slokas 58-G1, Bhuvanakosa, Goladh)ay;%

“IT g HETOHOA SR THES TR | 9 AFAGARR: W‘Rﬁﬁll’?

it is clear, by paramate, that Bhiskara has not seen the work of Aryabbata (wr&qu) .o

(The above statement is contradictory to that in the previous para.)
Aryabhata’s rule runs thus :

€
ARIREET AEFTIERT IR |
araseded gaiewe MEead |
Bhaskara in his Vasandbhashya of sloka 65 of Grahaganita, Spashtadhikira says : mﬁ.,

AL H\mﬁ ZFFOEY: Gfeqr:.’  Thereisno ZEmigy in Laghu- Aryabhatiyam but

in Mahasiddhdnta, the author has mentioned mﬁ]ﬁq Therefore this Aryabhata (referred tn

must be the vounger Aryabhata) the author of Mahasiddhdnta. ..... _
(The statements within the brackets are due to the present writer.) | et
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4 Many works have been attributed to Aryabhata. but the Aryabhativam
= s the only work which can be indubitably called his. Tt consists of four
ffpnrts: the Dasagitika Sitra, Ganita, Kalakriva and Gala dealing respectively
& with astronomical tables, mathematics, the measure of time and the spherice.

Aryabhata—the Innovator in Astronomy and Father of
Indian Mathematics.

E; As Dr. Thibaut admits elsewhere, Aryabhata was the lirst or one of the
 first to expound the principles of the Indian astronomical system in a highly
condensed and technical form and was original, at lcast so far as India was
concerned, in maintaining the daily rotation of the carth on its axis. He
+ says in his Gélapada, stanza 9,

IR : TALTS i 727
Y@ A A5 GRIARATE S )

i.c., As one sailing forward in a boat sees the stationary objects on the bank
move in the opposite direction, even so do the fived stars appear to move due
west to an observer stationed in Lanka. o8
But poor Aryabhata could not boldly assert and maintain the above
doctrine in the teeth of the orthodox popular doctine and so he adds imme-
diately as an alternative the popular geocentric theory also. In two other
- places again, Aryabhata goes against the prevailing orthodox notions :
in his theory of the eclipses and in his sub-division of the Chatur-yuga into
four equal parts. Thus it is clear that Aryabhata was an innovator in astro-
nomy and that he attempted to reform some of the prevailing corrupt notions
and doctrines, thereby incurring the displeasure of the orthodox teachers who
regarded him as a heretic.
Coming to the mathematical portion of his work, which is contained partly
in his Dasagitika or ten verses and in his Ganitapida of thirty-three verses, one
cannot fail to note Aryabhata’s high originality. It cannot be denied that he
is the father of Indian mathemat‘ics;‘ for we see the later mathematical
writings, viz., those of Brahmagupta, Bhaskara, Mahaviricharva and Sridhara,
bear such a close similarity to Aryabhata’s work, barring, of course, variations
in details. The subject-matter of later Indian mathematics remains practically
the same as Aryabhata’s with the exception of two topics, i.c., TERAFTHE
or permutations and combinations and F%a1@ or the cyclic method in solving
Indeterminate Equations of the second degree. The ordinary rules of mensu-
ration of triangles, quadrilaterals, and circles as we!l as the rules for finding
the square-root, the cube-root, etc., agree in all the Hindu mathematical
treatises as we shall sec presently.
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The Alphabetic Notation, Involution and Evolution.

In his Dasagitika, Aryabhata gives a peculiar notation for C\prc:smg J

numbers in terms of the letters of the alphabet—consonants and »ox\els.-u;
The twenty-five varga letters from F to § are made to represent the numbers |
from one to twenty-five respectively in the square or odd places, i.c., in the
units, hundreds, ten-thounsands, etc., places and the avarga letters fromli to 3

representing the numbers 39, 40, . . . up to 100 are meant to occup) the even
or non-square places. The ninc vowels ¥, g, 3, % ctc., toH7 (a1, 8, &',q{havmg

the same significance as the cerresponding short vowels) attached to,.or umted
with any consonant indicate that the value of the consonant is multiplied by
1, 100, 1002, ... 1008, respectively. In conjunct consonants, the vowel -
attached shonld bc considered as indicating the same multiplier for all the

constituent consonants. Thus & = 4,320,000, Z=[AT 1,46, 564, ﬁﬁm
=1,582,237,500. ¥
But it must be noted that this system was used merel) for mnemonic Fj
purposes and not followed in the Ganitapada. In the second sloka, Arya- —
bhata gives the names of the successive powers of 10 up to 109. =

Observing closely the notation of Aryabhata, one finds in it the germ of

the later place-value system; for, very often in the Dasagitika the vcmels
4, %, 8, et., occupy more or less the same places from right to left in a number-
word as in the modern place-value notation. Thus FHEFa=2,32,226, iﬁ]%q___ %
4,88,219. In all probability the positions occupied by the vowels, i.e., 37 in the “'-
extreme right, 3, 9, etc. each in succession in its appropriate place to the left |
(sometimes to the right also as in Swfa@g=70,22,388) of the preceding vowel.
in the alphabetic sequence, mark an earlier stage in the evolution of the place-
value notation.
Aryabhata’s notation and numeration indicate that the Hindus of that '-"
age were acquainted in a way with the principle of the position system in
the Decimal or the Centesimal scale* (more probably the latter from which the *
former must have been a later reduction). This is specially noteworthy at a “
&
time when the Greeks were adopting the cumbrous rhetorical notation (mde
Heath’s Diophantus, Second Edition, p. 49). . y"‘
After numeration and notation, Aryabhata proceeds to define the" square '
and the cube of a number and gives rules for finding the square-root and the
cube-root. L. Rodet in his ‘Lecons de Calcul d' Arvabhata’ infers from these

rules that the Hindus must have had a know ledge of our modern system of

bﬂ&

* In this connection, it may be noted that the 160-scale is employed in Taittiriya l.’pamsﬁad.

II Valli, 8th Anuvaka, for the description of the different orders ol happiness or bliss. The bliss
of Brabman is reckoned as 10019 times the measure of one human bliss, -'
(Sacred Bools of the East, Edited by Max Miiller, Vol. XV, pp. 59-61. ) .5
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= arithmetical notation. But Mr. G. R. Kaye in his usual strain denies such
" knowledge by saying that the rule is perfectly general and applies to all
. potations. _ If the Hindus had no such notation, there would be no necessity
for the numeration v 1 719 HE@Gd...etc. It is rather curious to observe that
& Mahaviracharya in South India and Sridhara as well as Bhiskara and
§ Brahmagupta give more or less identical rules for the extraction of the square-
§ and the cube-root, while no method of extracting the cube-root is given by
§ any early Greek writer. (Vide ‘Greek’ Mathematics’ by T. L. Heath, Vol. I,

~ p- 63 and Vol. 11, p. 341.)
: Some Mensuration Formulae.

Next, the author proceeds to give some mensuration formula, some of
which are obviously wrong, probably due to wrong and careless generaliza-
tion' from analogy. Thus the area of a triangle is given to be equal to the
product of half the base and the corresponding altitude but the volume of a
solid with six edges, being considered as the analogue of the tiiangle in
three dimensions, is given to be also equal to the product of half the area of
the base and the height. Aryvabhata has evidently failed to realize that the
areas of similar figures are proportional to the squares of the corresponding
sides. The area of a circle is correctly given as half the circumference multi-
plied by the radius and the volume of a sphere as the last multiplied by its own
root,* on the analogy, perhaps, of the volume of a cube which is the area of the
base multiplied by its square-root. It may be remarked here that though the
Greeks had obtained correct formula for the above, the Hindus fell into an
error—a clear indication to show that the Hindus did not owe any of their
mathematics to the Greeks but that they had developed their mathematics in
their own way according to their peculiar needs and idiosyncrasies. As
Mr. David Eugene Smith remarks elsewhere, the mathematical taste, the
purpose, and the method were all distinct in the two great divisions of the
world then known. . -

Two other mensuration formula given are both correct, (i) for the
lengths of the segments of the diagonals of a trapezium, (ii) for the area of a
trapezium. They indicate that the Hindus must have been acquainted with
the fundamental property of similar triangles. The property must have been
perceived as an axiom more or less intuitively.t The Hindus were specially
interested in the isosceles trapezium which was the shape of- the 3 at the
Soma sacrifices discussed in the Sulva sutras.

———

* Sudhiikara Dvivedi attempts to give a plausible explanation of Aryabhata's formula for the
volume of a sphére by neglecting a fraction as great as 11/32 (vide his Preface to the Mahasiddhiinta,
P- 23). There is no evidence to show that the early Hindus neglected to take into account frac-
tions so big as ¥4." - ' -

__T1In the Geometry of the early Hindus, there is no theory of parallels but there is ample
evidence to show that they had, instead, a theory of similar triangles. I believe that they must
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There is, next, a general direction for determining the area of any figus
by decomposing it into trapezia. This is just similar to the method usag
in modern field-surveying. One particular case of inscribing a regulay
polygon, i.c., a hexagon within a circle is suggested by the result that the si
of the regular hexagon is equal to the semi-diameter.

The Value of II and the Sine-Table.
The value of Il is given by the following proportion :—
FGUTF TAHTIN Z TSR] FEE |
aga?zr Freraeaar gaufong: 1 Sloka 10. .A
When the diameter is 20,000, the circamference will be 62,832 approxlmately.,

The critics say that it seems doubtful how far the above accurate
of ITwas used. In fact it is remarkable that Aryabhata should havel
given it, when nothing like it occurs in the Greek works. But the fact that
it is given by Aryabhata immediately before his rule for the formation of the
sine-tables leads one naturally to suppose that the above value of IIEJ
was used only for the construction of the sine-tables at intervals of 33° and
that the less approximate values such as 4/10 were used elsewhere. This i xs, %

of course, proper.
In the Sarvasiddhanta, edited by E. Burg(.ss and G. Whitney (p. 200),

they observe that before the Greeks used the sines in calculations for the_
chords, they had been long cmployed by the Hindus. What is remarkable
is the Indian invention of the semi-chord or =91, w hile, as remarked by
‘Delambre, Ptolemy himself, who came so near it, should have failed of it.

Aryabhata gives the following rule for deriving the successive sine -dlﬁ' (
It corresponds to the well-known differential formula

= ”-It'!'
e (B P =

i e

ences.
2
d? (Sin .n:): B
o odxZ .
DYATESAIHEES |ved 3T |

TSI RCRd T Jror o *
The term ‘Sine’ is equivalent to the modern sine multiplied by the rar.dlms:=
3438.  According to the rule, each sine-difference diminished by the quotients

.of all the previous differences and itself by the first difference (viz., 22‘5)‘;

have intuitively perceived the truth of the postulate, »7z., two intersecting straight lines cutting two_
parallel straight lines form triangles whose correspondmgs:desare proportional. This axiom is
at the back of all their geometrical theorems, r:specmlly the well-known property of the nght-anghd 2
triangle attributed to Pythagoras. That there is a remarkable anticipation of modern ideas in such
an axiom as the above will be appreciated by the reader who is acquainted with the present’
movement in the Teaching of Elementary Geometry, to replace Euclid’s parallel postulate by the

postulate of similarity due to Wallis. (F/ide The Mathematical Gazette, London, Vol. XI, p. 413.,

Vol. XII, p. 167, and p. 191.) =
* For a complete discussion of this rule, :7Zc the author's ‘ The Hindu Sine-Table’ in

J.LM.S., Vol. XV, pp. 121-126,

=]
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_;gives the next difference. The differences as given in Dasagitika are:
: 225, 224, 222, 219, 215, 210, 205, 199, 191, 183, 174, 164, 154, 143, 131,
- 119, 106, 93, 79, 65, 51, 37, 22, 7. The same results are also given in the

" Saryasiddhanta with the same rule for obtaining them. It is significant that

~ this rule is not quoted by Bhaskara and others. Apparently, they did not

grasp its true import and ignored it.

_ In J.A.8.B., Vol. IV, No. 3 (pp. 123-125), Mr. G. R. Kaye holds that

the above rule may be a rough attempt at the enunciation or application of

Ptolemy’s Theorem. But the Trigonometry of Ptolemy does not give it and

indeed, as Delambre says, in order to find some vestige of it, ene must, after

having vainly pored over all the authors ¢n Trigonometry, come to Briggs

(1561-1631) who knew that divisor-225. Burgess and Whitney in their

edition of the Siryasiddhanta suggest that the rule may have been arrived

at empirically. * But even this is not likely, as it is difficult to pitch upon
the right divisor purely by guessing. The early Hindus might have obtained
the result by some such reasoning as the following :—

B [f the radii OA, OB and
the arc AB bound the
quadrant AOB, and the

B quarter-circamference A3
be divided into stwenty-

Br  four equal parts so that

Q each part i1s 33° and per-
pendiculars drawn from

B the points of division on

OB, these perpendiculars

intercept.on OB segments

corresponding to the suc-
cessive sine-differences.

In particular, let An, A,

An+1 be three consecutive

points of division on the

0 arc AB and Bny, By,

A Bn+1 the corresponding
feet of the perpendiculars from An-1, An, Ant1 on OB; let OAn cut Apy Anpl
at its middle point P and let Q be the foot of the perpendicular from P on OB.

(Vide Figure.)

* On pp. 107, 108 of J.I.M.S., Yol. XV, No. 7. Februa ' i
5 1 f J.I.M.S,, W XN, No- 7, ty 1924, MNr. Naraharavva explains
:I_aborately the Siiryasiddhinta rule for the calculation of successive sine-differences, 'er:hoixfg t]ll:e
til:wsfof Delambre and Rev. Burgess that the Hindus may have obtained the rule by the observa—
N of the series 1, 2, 3, , . ete. In explaining a proof of the formula, he makes a free and
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Now, it is casily seen from the property of the trapezium
Ba-1 An-1 and the similar triangles that
. DBna Bn-Bn Bn+ =2 (,an

20Bq
Sl PAn
OBn An Anﬁ—l
—
__OBn.
=S
OAy radius b3
for e =?,1_‘*- f approximately
An Any o5 circumference
== 280000 (using Arvabhata’s values)
= 135 to the nearest integer. b
Hence the rule given by Aryabhata. ' L%

Mr. Kaye remarks: “ Using the formula given by Aryabhata and the °
author of the Siryasiddhanta, we find that only five of the sines follmung'
the first can be obtained by its means and that with the seventh sine bcgms‘_
a discordance * between the table and the result of calculation by the rule,‘*
which finally amounts to as much as seventy minutes. If follows, therefore, ™ '
that either the rule was used but corrections were made by the aid of Othe'l'é‘
tables, or the table was copied wholesale.” The last part of the above .
statement seems to be untrue. Ptolemy’s table proceeds by half degrees aru:lgr
his radius is' 60° and to convert Ptolemy’s table to the present one, one
should use the change-ratio 3. Instead of taking all this trouble, the earl
Hindus would sooner and more easily have derived their tables by their rule
by applying corrections when the results disagreed with the values obtained®
by direct calculation. Direct calculation of the sine for the common angles:
30° 45° 60° 75° and 90° gives respectively 1719, 2431, 12977, 3321
and 3438.
unlicensed vse of infinitesimals, tangents, and parallels, which are quite alien to the minds of %
early Hindus. In Brahmagupta's and Bhaskara's texts, the calculations proceed through half™
angles and their complements. Thus from sine 607, they obtain successively sine 30°, sine 1575
sine 7}°, sine 3%° and hence the sines of the complements of 15°, 71°, and 33° and so on. There is

, no evidence, as Mr. Naraharayya imagines. to show that the Hindus calculated successively thed
37, 11}°, etc., by a method however remotely resembling the method suggested -\- ~j

sines of 33°, 7

him,
¥ To explain the apparent discrepancies after the sixth step, Mr, Naraharayya in b ;

Note on the Hindu Sine-Table (P. 111, J.I.M.S., Vol. XV, No. 7) quotes the rule given by th
commentator Ranganatha, and himself invents other rules which are quite numerous and arbitrary ‘

and not based on rational grounds.
T The Aryabhata table gives 2978, while Bhaskara who says that his table is derived fmlﬁ

Aryabhata’s work and the Surya,szddhanta give the more correct value 2977, 5

(
:u'i

i ‘E-"«J.‘L i Dl“i‘- H
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By following the usual rule, one meets the first discrepancy at the 7th

difference. But the fractional parts neglected in tke 3i1d, 4th, 5th and 6th
,,,dlﬂerenceb have accumu]ated sufficiently to affect the 7th difference and we
:' . are therefore justified in including them in the 7th difference, which thus

becomes 205 to the nearest integer, f.e., Aryabhata's value. Continuing the

';. calculations further, we find the 8th difference to Le 198 to the nearest
~ integer ; but sine 30° = the sum of the 8 differences == 1719, the Sth
 difference has therefore probably been corrected to 199. Similar corrections
3pplied at the angles 45° 60°, 75° and 9C° to the results obtained by the usual

rule give the figures of Aryabhata.
Thus one can forcibly conclude that the rule was generally used but.

corrections were made not by the aid of other Tables as Ptolemy’s (as Mr.
~ Kaye suggests) but by comparison of the results with the actual ones obtained

by direct calculation for the common angles 30°, 45°, 60°, 75 and 90°.

[In this connection, it is interesting to note that the sines of the angles
between 60° and 90° can be deduced very simply by adding the sines of two
suitable angles less than 60°, for example, '

sine 71°. 15* = sine 11°.15 + sine 48°. 453’ - 671 4 2585
. =3256;
sine 82°. 30’ — sine 22°. 30’ 4 sine 37°. 30’
~ 3408 which disagrees with Aryvabhata’s result 3409.
This is based on the fact that the sine of ans'ang]e x° between 60° and 90

* can be obtained by addmg the sines of the sum and the d:fference of 30° and

the complement of x°.
An interesting property of the sine-differences which follows asa corollary

- from the above may also be noted here, viz., the n difference is equal to the

(n—16)th difference——the (33—mn)th difference (n>16). Thus the 19th

difference = the 3rd difference—the 14th difference, ie., 79 == 222—143.
By means of this, one can write out the last eight differences from the first

sixteen.
The matter may be presented in another form also: Write the first eight

- differences in one row, the next eight in a second row (in the reverse order be-

]

 neath the first row), and the third eight in the third row beneath the second thus

225, 224, 222, 219, 215, 210, 205, 199

119, 131,50 143, 154, 164, 174, 183, 191

16, | Bde 79, o4& 8L, MoV, 22, 3
Then one easily sees that the figures in the third row with the exceptlon ot
the underlined two figures are obtained by subtracting the figures in the"
second row from the correspending ﬁgurea of the first row placed vertically

| above them. - _ -

4



168

. A similar method may also be given for the calculation of the sines ofi;
angles between 60° and 90° from those of angles less than 60°.] '
The Sun-Dial and Shadow-Problems.

The next mathematical topic discussed is the mathematics of
Sun-dial and the Shadows. As a preliminary to this, constructions are given
for drawing a circle, a triangle (probably an equilateral triangle). given a sid;
and a rectangle (probably a square) given a diagonal. Diréctions are al
given for determining experimentally the horizontal and the vertical plan
by means of water and the plamb-line respectively. The ordinary Pythagorea
rule is given for finding the radius of the gnomon-circle given the height
the gnomon and the length of the shadow. Then follow two rules for deter:
mining (i) the lengths of the shadow of a gnomon of given height, and (ii) the |
height of the source of light and its distance from two vqual gnomons casting
known shadows. The formula are as follows : £

(1) When only one gnomon is considered,
Shadow height of the gnomon x the distance of the light from the gnomon.
the difference between the heights (of the gnomon and the light)

(Z) When two .equal gnomons are considered, the distance between the end

of a shadow and the base of the light is equal to . o

the length of the shadow X the distance between the ends of the shadows_
the difference ;

There is an element of ambiguity in formula (2) with respect to the denomr—

nator, vis., ‘ difference’. It is not clear which * difference’ is meant. The

text says : imngﬁta mﬂﬁ%mﬁa e #1271 Now wrﬂﬁat may mean e:ther ¢

lhe distances of the shadow-ends from the base of the llght and 9 ma,ig
mean either (A’) the difference of the distance between the ends of the shadowé

and that between the gnomons, or (B’) the difference between the lengths of

the shadows. %3

If we accept the interpretations (A), (A”) or (B), (B’), the formula is'a
perfectly general one and the light and the two gnomons need not be in thei
same vertical plane; but if we should accept the interpretations (A), (B}, or=
(A7), (B) the formula holds only in the particular case where the gnomons m'e_i
in the same vertical plane with the light. The second or the particular case
is the interpretation of the commentators, but I am inclined to hold the ﬁ_
view following the interpretations (B), (B*).

It is significant to note that Bhaskara gives both the above rules d?
Aryabhata and that Bhaskara's text also favours my interpretation (mdd_::
Lilavati—oEaeags, slokas 59-60). But Brahmagupta and Mahavirachaqsg

give only the first rule and Sridhara does not mention either of therules.,
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- Mr. Kaye observes in his Notes on Indian Mathematics (J.A.S.B., Vol
~ IV, No. 3, p. 128) that the Hindus were at least acquainted with the inclined
. gnomon and quotes Pancha Siddhantika XIII, 31 (wrongly referred to as
~ XII, 31). But there is cvidence enough in Mahdviracharya's Ganitasara
Sangraha to show that the Hindus had more than a casual acquaintance with
- the inclined gnomon. \We have in the Ganitasira Sangraha (Text, p. 156)

FAFATY FAAECATIT I —
FAEIESE TATFR A A |
HEEATE T S A
FHS TEET A TARTIEIW |
AT e @od WEAREATGE I N
Here the inclination of the pillar is measured by the perpendicular distance

of the top of the pillar from the vertical through its foot. If we denote this
inclination by x, the length of the pillar by 7. the length of the shadow

by s, Mahivira’s formula is

s—a/s2 —(92— 12r2) (r21)
r2-1

where r is the ratio of human shadow to human height.

X ==

An Eclipse-Problem. .

A property of the circle is then enunciated, viz.. that in a circle, the
product of the arrows is the square of the semi-chord of the arc. Immediately
there follows a theorem derived from this property, which is made use of in
the calculation of eclipses.

If two circles cut each otherat A and B and their line of centres cut the
circles at C, D, E, F in order from left to right, and the common chord in X,
the greatest breadth of the common portion of the two circles is called gm

or bite and the measure of its segments is given by the formulz :

S oE D, . - DE E¥
D3 = eprer’ EA = cprer

~ This easily follows from the f'mt that CX. XE = AX? = DX. XF and hence

1 — DX4CX __ DC
EX F‘( " EX+FX EF’

In connection with the above property of the circle, Mr. G. R. Kaye
observing that M. ibn Musa (820 A.D.) gives a similar result along with a
formula (not given by any Hindu writer before his time) for the computation
of the area of a segment of a circle, concludes that all these rules are taken
from the same source. not at any rate Indian. Mr. Kave cannot imagine that
it is possible for M. ibn Musa to gather together in one place requltq gathered

from different sources.
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The Arithmetical Progression and Allied Series. ﬁ

The next topic in the Ganitapada is the arithmetical progression. The

following general formula is given for the sum of the terms of an A. P. })egin.;l%;

n-1

ing with the (p+1)t® term. n {‘7 + (7

a being the §@ or the first term and d being the =¥ or the increment, |
This formula is of special significance as we shall see later on. An alternative |

form of this result is suggested also :
Add the beginning and the end terms and multiply the sum by half the

nuruber of terms. A
This rule is quite correct but Mr. Kaye misunderstands it (assuming |

&1k to mean §@) and condemns it as out of place. , 4
The above rule is followed by another for determining the number
of terms in an A. P. given the other usual data. In the usual notation,

_, | ~/8ds + (2a-d)2 —2a
o N +1}

slight variations in form, by Brahmagupta, Bhaskara, Sridhara and Mahavird-
charya. I may add én passant that Mahdvirichirya’s sJced operation (Trans-.
lation, Ganitasira Sangraha, pp. 34-30) just corresponds to the first formula

. The same rules are given, though mth

]

n-1 _ _ , . i
n {a = gl & } and this formula occurs neither in Brahmagupta's nor
in Bhaskara's works. i

Aryabhata then proceeds to give the contents of a triangular pile and a |

a(n+1) 0+2) _ (@H1P—(@4]) 0 (04]) @t

square pileas  ——¢ 6 6 respec-

B
5

e

tively. The formula for the sum of the cubes is given by 4
13 423 4+3 4. +03=(1+2+3+.. +0af .

The latter formula might have been derived from the series (1), (3, 5),§
(7, 9, 11), (13, 15, 17, 19), etc., divided into groups as shown by the brackets.:
The sum of the numbers in each group is a perfect cube as can be seen on the |
application of Aryabhata’s first formula. Hence the given result follows.
easily by expressing the sum of the n groups as the sum of (1-+2+3+ .. +n)3
natural odd numbers. 9
Brahmagupta and Bhaskara also give the above formula, but Mahavira-
chirya advances very much beyond these writers, for he gives expressions for -
(1) the sums of the squares of the terms of an A.P., (2) the sums of the cubes of
the terms of ‘an A.P., and (3) the sum of a series wherein each term represent§§
the sum of a series of natural numbers up to a limiting number which is.
itself a member in a series in arithmetical progression, etc. Vide his Ga:j'ita-'g
sara Sangraha, pp. 169-173 (Translation by. M. Rangacharya). 3

n

—
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g On closer examination of the form of Mahaviracharya's results, it will
»suggest to one that his sgesfesa operation corresponding to Arvabhata’s first
formula was the key to obtain the values of Zn2, €n3, Zn (n+l1), etc.
For example, take the series of natural numbers 1, 2, 3, ... .and group them

‘as follows :—
(142+43) +~ (@+5+6+7+8) + (9+10+11+1 12+13+14+15)
the first group contammg 3 terms, the second 5, the third 7 and su on. The

number of terms preceding the nth group is 3+5+ .. +2n—1, ir, n2—I
and the nth group contains 2n+1 terms. So, by Armblnhq fmmnh the
sum of the terms in the nt2 group 1s

(2n-+1) (1.;_?.‘3"_12.‘;1 +n2 —1), i.e., n (n+1) (2n+1)

Now, on comparing the series formed by the sums of the groups with the
series 12, 12 + 22, 12 22 432,12 + 22 432 + 42, . . . one tinds that the
sum of the terms in any group is 6 times the corresponding term in the above
series.

Hence 6 (12 +22 + ... +n2)=n (n+1) (2n+1)
n(n+1) (2n+1),
k 6
Similarly, by grouping the serics of natural numbers in another way: 142,
3+4+5 6+7+8+9, ... etc., and comparing the series formed by the
ums of the groups “1th the series 1.2, 1.2+2.3, 1.2+2.3+3.4, ... . we find
that the ratio of the corresponding terms in the two series is 3/2. Bat the
sum of the terms in the nth group’ of the first series is, according to Ana-
n (n+1) (n+2)

ie., 12 +22 + .. + n2 =

~ bhata’s rule, obtained as 7 . Hence the n#% term of the second
g X - 2 (n+1) (n+4-2 :
- series, vig., 1.2+2.3+ . . to n terms— =3~ n: k3 )2 which J~ads to the
- required result.
_ s

* Tt is not unlikely as pointed out by Dr. R. P. Paranjpye that the sum of the =« juares of the
first » natural numbers may have been discovered by the early mathematicians Ly arranging the

numbers 1, 2, 3, . each repeated 2n-}-1 times in a rectangular array and grouping the elements
- together as mdlmted below : :
__1___1__1_[ 1 1}11].. (2n41) terms
2 2 24 % 2)22
3.8 318 3 323
U T 1T R : .
; n (n<-1) (2n-
The total sum of all the numbers= o )2( A) and ibe sums of the numbers 5 the gnomons
2 v il 2111} )
" are, in order, 3, 3.22,3.32, .. Hence 3 (124 22 & ke Y= o] 1)_,("11 ) vhich leads to

the formula in qﬁestion.
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Similarly other cases of summation given in Ganitasira Sangraha can .i"ﬁ'
worked out.  The main difficulty is to get at a suitable arithmetical progres.®
sion and to group the terms appropriately. [I have discovered a rule for
finding such a progression (vide my note on ‘ Series Summable as Anthmetuﬂ-
Progressions’ in Mathematical Notes No. 23, June 1925, published by the
Edinburgh Mathematical Society). Suppose it is required to ﬁnd-
Z(An3-£3Bn24Cn-+D). In the first place, it is possible to find a suitable™
A. P. only when 2B3 .= A (BC—AD) and A, A! B are of the same sign,
and A+0; if these conditions be satisfied, the first term and the common§

B2+AD .-\.) andA

difference may be taken respectively as 3 (T T 20t being 8113‘

: o t (B+4) . ns
arbitrary positive integer such that ! Y s also a positive integer. The:

series should be grouped such that the first group may contain’ ?
t(B+A B+2A t (B-+3A) .
L {-—-) terms, the second group —(---—r) terms, the third. group ( i A)sg

SRy

terms. and so on. |

MY

=
2%

Some Semi-Geometrical Identities.
The next topic in Arvabhata’s mathematics is a pair of c.-cml-geometncal

_‘.‘_ ‘ 5:_-.;,

identities, viz., =

fatb)2—(a24-h2)—=2ab ; y Jab+(a—b) + (a—b) -2a or 2b. 11;

It is likely that these identities were intended to solve simultaneous equations
of the types:

X + y=p, Xy=q; % + y=p, ¥* + y¥=q; xy=p, x2 + y?=q.

Interest Problems.

Aryabhata then gives a rule for finding the intcrest on the Principal;
given the principal (P), the interest on the amount (A), and the time (t).
rule is obtained from the quadratic equation *
Pr2 t24 Prt-=A

The problem suggests that even in the olden days money-lenders were:
deducting Banker's interest at the outset while lending money. As Mr. Kaye:
says, considerable acquaintance with the rules that govern interest proble u'__"
_ must have obtained in those times and at least the rudiments of compoun
interest were understood. For various types of interest problems, there is’
not a wealthier storehouse than Mahavirichirva's Ganitasara Sar‘xg'rah,.

* Here, as well as in the Section on Series, Arvabhata casually introduces the general n‘i.-

for the solution of the quadratic equation. Possibly the problem of attackmg the quadre ic -
equaticn must have been faced by the early mathematicians for the fArst time in connect:on -
the inverse problem of finding the number of terms of an A. P. or the rate per cent in a compo nd

interest calculation.
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(Text, pp. 63-75) & AT where he treats of the interest problems as illus-
trative of the principle of the Double Rule of Three or T=UR.

The Rule of Three and Operations with Fractions.
3 After giving the rule for finding interest, Arvabhata proceeds to enunciate
-~ the principle of the rule-of-three or R and the vsual rules for the division
L of one fraction by ancther and for reducing all fractions to a common denomi-

:; nator. Bhaskara, Brahmagupta, Sridhara and others use the same nomen-
 clature and extend the rule of three to five, seven, nine, and eleven terms.

o
." =
2

b
[

|.-"¥' ‘ The Rule of Inverse Operations.

& The rules for reversing the steps in a mathematical process (called
sgeaiaa) are enunciated thus by Aryabhata :—

YUFERT AFTEY WRET T qafea JoEE: |
I WTERIEASTH: F9 A9 |
Every operation in algebra is connected with another which is exactly
opposite to it in effect, i.c., what is done by one is undone by the other ;
thus we have the pairs of inverse operations: addition and subtraction;
multiplication and division ; root and power, etc. This principle is very
uscful for verification purposes and also for the solution of equations where
one has to clear the variable from all the ramifications in which it is involved.
It is specially serviceable in solving the so-called “ihink of a number’ pro-
blems or boomerang problems. For example, Arvabhata’s commentator,
ParamadiSwara, gives this illusiration:
What is the number which, multiplied by 3, divided by 3, tht. qliotient
increased by 6, the square-root of the sum diminished by 1. and again squared
- yields the result 4?
: The result obtained by reversing the operations in order imay be expres-

sed as { {v44 1)2—6} 5+3, t.e.,, 3. Bhaskara and others give similar rules.

An Algebraic Identity.

We next come to a very elegant identity which is wrongly believed to be
a plagiarism from Greek source. = It is in Aryabhata’s words:
< i . = : . f-\ ﬁ . - '

S T T T TEFIT
In modern notation, < (é Xr-—-\r) + m-1) = ’ Nr. The rule is quite
1 1

simple and not beyond Aryabhata’s mathematics. From a fancied resem-
‘blance to the Greek Theorem known as the Epanthem of Thymaridas
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(Diophantus, p. 115) and from the fact that two particular cases of
theorem occur in Diophantus (p. 133), it is argued by Cantor and Mr.
that the problem is of Greck origin.  In this connection, it may be well to
point out that Mahivirachdarya gives just the problem which, Iamblichus say o
can be reduced to Thymaridas’ form. | Vide Diophantus, pp. 115, 116 an
Ganitasara Sangraha, pp. 93 (Text), 153 (Translation by M. Rangacharya)
But Mahaviracharya (Ibid., pp- 153-163, Translation by M. Rangacharya

gives many other plentiful varieties of problems not found in Diophantu

Book I or in any other ancient Greek work.

As Mr. E. B. Havell remarks in his ¢ History of Arvan Rule in India
(pp. 140-141), it would be wrong to conclude that the mercantile relations
between Greece and India had any deep or abiding influence upon Indian
culture or upon the religious movements of the times. Hellenistic culture

drew more inspiration from Indian influence than Indian culture from =

Hellenistic influence. India always gave ot :
them. Possibly the seeds of Indian Arithmetic and Algebra which flowered

later in the Alexandrian School were laid there by the early Dravidian traders'j
who carried the natural products of South India to Babylon, Egypt and |
Greece. Probably also the Sumerian founders of Babylonia were of Dravidian
stock as the striking resemblances in ethnic type would show. (Vide Hall’s i-!;

hers more than she took from =

¥
b5

‘ History of the Near East ’, pp- 173-17+.)
The comparatively greater perfection of Greek Mathematics as embodied e~

in such works as those of Euclid, Ptolemy, and Diophantus and in contrast
-with it the clementary and fragmentary nature of Indian mathematics with,
of course, exceptionally brilliant development in certain directions, are proof
sufficient to conclude that the latter is of indigenous growth and not borrowed.
from the former. It is not proper to argue that Indians had stolen from thé:—.é;
Greek works merely on the score that one or two of their problems had been 3
anticipated in the early Greek or Alexandrian works. One may also add that-;:i;
the ancient Indians lacked the will, if not the genius, which the Arabs |
possessed in a high degree, fo translate foreign works into their own language. |
The Simple Equation and Relative Velocity. :

After the so-called Indian version of the Epanthem follows the ordinary

. method for the solution of a simple equation where both the sides are linear
functions of the variable. This is succeeded by a discussion of the relative |
velocity of one moving body with respect to another, when both are moving 'jf_
(i) in the same direction, and (ii) in opposite directions. i
The Linear Indeterminate Equation. :

We now come to the very crown of Aryabhata’s mathematiés—his;},
solution of the linear indeterminate equation. He puts the problem thus: ;

i,

i

vy s e

2§

i
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* To find a number which leaves residues », n’ with respect to the
oduli m, m’ respectively.
_ Ifn>n’, m 1s called sif5m@EarER or the divisor corresponding to the
i greater residue (not the greater divisor as wrongly translated by Mr. Kaye)
¥and m" is called F9mAFER or the divisor belonging to the lesser residue
(not necessarily the lesser divisor), while the residuc for the modulus mm? is
* called Z=8amM.
To quote Aryabhata’s words: —
AFAAER G-I aRTERo |
Y TLETCIH AGIIAA 2 1
HIRIRAMaH-agIEE=es AlNd 77 |
AT osmmiaEEgad |
Divide \fg#=agR T by the other divisor and continue the process with
the remainders. Write out the successive quotients in a vertical line, one
underneath the other. Choose a suitable integer (called ma#i) which when
multiplied by the final remainder and added to the difference between the
given residues may yield an rhtegral quotient when divided by the final
divisor. ~Set down the mati beneath the last quotient and beneath it place
the aforesaid integral quotient. Multiply the lower by the upper and add
the last and continue this process till the operations cannot be farther
pursued. Divide (if possible) the figure thus obtained by the first divisor and
multiply the remainder by the second (divisor). Thg product added to
the corresponding residue is the required result.
The rationale and the genesis of this method can best be explained by

an example.

N e

; Let m"=29, n’=13, m=45, n==19
We have to find x and y to satisfy the equation :—29x+ 15=45y+19.
The method that immediately suggests itself is to express x in terms

iof y, i.e., .-1:=y—l—-§2-9m

Since 1—%""—4 should be an integer, put 16;:'4:5 '
Then y=z+13:6_4. Again set 13;;4——'—-1{), so that zzp-i-i%i. At this

stage since the co-efficieat of p is small, -we readily choose the mati (viz.)
$=3 which makes 3p+4 divisible by 13. -

* The form in which Aryabhata has worded this problem makes it verv probable that the
linear indeterminate equation was first studied in India merely as an inverse problem under division.
The later Hindu mathemalicians must subsequently have discovered a good application of it in
verifying astronomical calculations as well as in obtaining simple approximations to unwieldy

- fractions frequently occurring in astronomy, ]

| g 1 qﬁ'q;m‘qp@'{ be the smaller of the two divisors we have only to put-0 (zero) forthe

‘; first quotient and write down the number itself as the remainder, using it next as the divisor for
the other TR The division may be further continued as directed.

5]
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z==4, y=7, v 11. This is just the process w which \n abhata asl\s us to ..

detaching the co-efficients of y, = and p, (mati), and ”
therefore nothing more than a method of detached co-efficients for carrying
out the backward process of evaluating successively z, y, and xr. We mgj}
arrange the successive columns of reduction thus: s

it T R
L L@ R .
i 4+ 4 =
33
1

Now, 11 and 7, the two top figures, are the values of x and y respectivel 3
The required number is 29 x 11+13, i.e.,, 334. It may also be obtained by‘
using the other divisor 45 and the corresponding residue 19: thus 45X 7-|—19"

also gives 334. 5\%
In the above method we are reducing the given indeterminate equation:

to others of simpler form with smaller co®fficients and we may stop our
continued division at any stage where_the co-efficients are sufficiently smalI;
to enable us to read the results immediately. Thus, if we can easily see at the

second :st age itself that z must be 4 which is #fF, we may form the shorter zfalh'"
1]) from which we immediately derive the value 11 by thpu

1 ( 7 process W9 IR Ui, ete. -

g . vl

3 e
The above process is styled by later Hindu mathematicians as Valli
kuttdkara (qmFz@R:). In Bhaskara’s method the creeper or valli?
extended to its utmost length. (Vide Lilavati verse 67.) Thus in the previo
g—A :

example, we may put -ﬂ;_‘_q then p_4q+" : and put again *- —_—g,_j"

so that g=3r+4: lastly set r=0. So Bhaskara's valli will be as
shown in the margin, the rest of the process being the same as before.
But one important point which Brahmagupta and others give, Arya-
bhata fails to mention, viz., if the final quotient in the creeper be of
the odd order (as happens in the marginal illustration) the result
obtained (from the manipulation of the elements of the creeper) is
po:.ltne othermae, the resualt is negat:\e and hencé to derwe a

a suitable multiple of the JFEmmwFER.

It is interesting to note that Mahannu,har\'t gives L\actly \rt'nbh't__.
rule using Aryabhata’s nomenclature. i
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AT : SIAERATS AT

B/UH SRl ARV g

&1 Bl § FAFGUITHAFEAT0 gRemay 1
(The nomenclature of Rr:\'abhata is underlined in the verse.)

_ [In this connection I may suggest an alternative method for the solution
§ of the linear indeterminate equation, b

ased upon the method of expressing
‘F any fraction as the sum or difference of fractions with unit numerators. This

‘F process was - not unknown to the early Hindus, for we find in the Sulva
F Sutras (200 A.D.), 2 expressed approximately in this form, ©iz, 1421+
. 54 - 3235 The method may best be illustrated bv an example, sav,
¥ 32x+17=79y+10.

i To express 22 as the sum or difference of unit fractions, we have only to
1 divide 79 successively by 32 and the absolutely least residues obtained during

~ the process :
| 32) 79 (2
64

= )
15) 79 (5
: 75
1 - 2 4
Thus 35 =3 — % + s.5%0 +ueghors Y gg (20
~1) @& (=%
79
0
The given equation may be reduced to the form
Sy T
e

ie., x {% — a5 +tozag+ n‘.g.%o.w‘} i =~

',-“Obviously, if we put ¥x=2.5.20. (—7), ¥ becomes an integer,

| The least values of x and 3 are 22 and 9.

. N.B.—1. Since we are taking the absolutely least residue at each step.
. the number of unit fractions cannot exceed log,, (divisor).

& 2. The above method will fail sometimes when the greater of the two
co-efficients, those of x and y is composite ; for example, let 1lx=72p-13,

Eg}:which expressed in the above form leads to x {% — o S v+12 Butif we put
:x____ —13, }.=_13

_ s » a fractional value. Thus we fail to get an integral solution.
- This is due to the fact that one of the residues in the process of division
Ll"happens to contain a factor of the dividend : and if the co-efficient of » had
Lb&‘m prime, such an occurrence would be impossible.

i

AT

L

L8

0

Hence in " such caces

-
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we may add to the greater co-cfficient (e.g.. 72) a suitable multiple of
other co-cfficient (eis., 11) such that the sum may be a prime and thigs
certainly possible from Dirichlet’s Theorem, viz., that mz-ln represenf
infinitely many primes if m and n are relatively prime. Thus since 72 -|--'
= 83 a prime, we can solve by the above method 11x = 83v+13and get y
which holds good for the original equation also.] 4

It is obvious that Aryabhata's rule is more primitive than that of#
his successors who have elaborated upon the rule and pushed it to its logical s
conclusion. When analysed, the rule implies merely successive reductions ty
simpler indeterminate equations until one is reached whose solution can b
immediately guessed. This is the true significance of mati in f_\rj-abhata!
verse.* It is just the method which will naturally suggest itself to an
gifted mind and it istherefore no wonder that Arvabhata or any of his prede
cessors should have discovered it.

The theorem underlying the rule is not really complicated as Mr. G. R;3
Kaye imagines, unless one reads into itall the modern algebraic ramifications of"%
the general continued fraction. Hence, it is not necessary to go in search of

5

the orderly processes by wlich, according to our orientalist, such a complicated -
theorem is bound to be preceded. Mr. Kaye evidently confuses between the
logical and the psychological orders of evolution of mathematical ideas. |
Psychologically, there is ample justification for the development of the above
ideas in Arvabhata’s mind without a previous knowledge of such preliminarf
notions as set forth by Greck writers, especially Euclid. The fact that we'’
nowhere find in the Greek works the rule as given by Arvabhata or anything ©
analogous to it (however remote the analogy as in the case of the Epanthem)
is sufficient justification to attribute to Kryabhaf:a or the early Hindus the
first foundation of Indeterminate Analysis. _

Another point to note in this connection is that long before the Alexan- :
drian Christians had begun to wrangle about the dates in the ecclesiastical
calendar. the Hindus had felt an urgent need for developing their Indeter-
vsis to help them to verify their huge astronomical calculations.

minate Anal
For, as Bhaskara puts it,

* Failing to understand this aspect of mati, one of the commentators on Nryabhata, Devaraja -
by name, puts the following query in his ‘ Kuttikara Cirdomani ':—
‘ When the problem can be solved without the trouble of choosing a ma#; as in Bhaskard’s .

method, why should it not have been adopted by Aryabhata ?’
He defends the use of mati on the score that it is not necessary

ﬁw discussed by Bhiskara. He does not realize that both gEIFZHR and m
ave practically one and the same and mats is no more essential in the one than in the other,
Evidently the commentator does not perceive that Aryabhata’s method is more primitive than
Bhiskara's, which marksa later stage in the evolution of the linear Indeterminate Analysis,

-

for problems on
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s Eq TR AEETAN: | a7Y e—aeea ga e s
[ L S

£ ‘There is great use for this process in mathematical astronomy in the
calculation of lapsed terrestrial days from the residual scconds, etc.” (Vide
'basna Adhydya, verses 11-22. Bhiskara's Goladhyaya.) There is thus
'greater reason for claiming, on behalf of the Hindus the development of the
" [ndeterminate Analysis, than on behali of the wrangling Christians of
% Alexandria.

Conclusion.

i The Ganitapada ends with the Indeterminate Equations. The rest of
¢ Aryabhata's work is astronomy. On the whole, the impression left by the

. Ganita is that it is a collection of working rules necessary for solving the

s
i~
A
%

"

- practical problems of life such as survey and interest problems and the practi-
* cal problems of astronomy which are closely connected with a Hindu house-
hold even to-day. The author’s style is coldly business-like, lacking the
richness of imagination, the zeal in problem-setting, and the extravagant
, poetry characteristic of other Indian authors, for example. Bhaskara and Maha-
viricharya. Very likely, Aryabhata’s work has superseded the work of earlier
Indian writers in the field and in default of discovery of fresh manuscripts
in unexplored libraries, it must be i_dlt: to speculate how much of his work 1is
really original.

Enough has been said in the previous pages to show to what extent the
later Hindu astronomer-mathematicians were indebted to Arvabhata. He
was the first to give a form and an individuality to the scattered bits of
mathematical knowledge that existed before his time and but for his pioncer
work, there is no knowing what turn subsequent Indian Mathematics would
have taken. The role of the Aryabhativam in giving a definite bias to Indian
Mathematics has its historic parallel and counterpart only in two other great
ancient mathematical compositions—the Elements of Euclid and the

Arithmetica of Diophantus.
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